In the factorial ring of Dirichlet polynomials we explore the connections between how the Dirichlet polynomial P G (s) associated with a finite group G factorizes and the structure of G. If P G (s) is irreducible, then G/Frat G is simple. We investigate whether the converse is true, studying the factorization in the case of some simple groups. For any prime p ≥ 5 we show that if P G (s) = P Alt(p) (s), then G/Frat G ∼ = Alt(p) and P Alt(p) (s) is irreducible. Moreover, if P G (s) = P PSL(2,p) (s), then G/Frat G is simple, but P PSL(2,p) (s) is reducible whenever p = 2 t − 1 and t = 3 mod 4.
Introduction
In [5] Hall introduced the Eulerian function φ G of a finite group G; if t ∈ N, then φ G (t) is the number of ordered t-tuples of elements that generate G. He proved that
where µ G is the Möbius function of the subgroup lattice of G which is defined inductively as µ G (G) = 1 and H≤K µ G (K) = 0 if H < G. Clearly Prob G (t) = φ G (t)/|G| t is the probability that a random t-tuple generates G and, in view of (1.1), we may write:
This means that we may define a complex function P G (s) with the property that P G (t) = Prob G (t) for any t ∈ N, associating a Dirichlet polynomial with G which is defined as follows:
n s with a n (G) =
|G:H|=n µ G (H). (1.3)
The inverse (complex) function 1/P G (s) is usually called the probabilistic zeta function of G, see Mann [9] and Boston [1] as references.
As it is explained in Section 2, the ring R of Dirichlet polynomials is a factorial domain. We ask whether information about how P G (s) factorizes in R gives us insights into the structure of the group G. We gain evidence that such a connection exists by observing that, for any N G, the polynomial P G/N (s) divides P G (s) and the quotient P G (s)/P G/N (s) is nontrivial if N Frat G. This implies that if P G (s) is irreducible then G/ Frat G is a simple group.
A question that arises quite naturally is whether there exist examples of groups G such that P G (s) has a nontrivial factorization which does not come from normal subgroups. In particular is P G (s) irreducible when G is a simple group? The answer is positive for all abelian simple groups, being P Zp (s) = 1−1/p s . In the present paper we deal with some nonabelian simple groups.
We start with the alternating groups of prime degree. We prove that P Alt(p) (s) is irreducible, for any prime number p ≥ 5. The tools employed in this case allow us to prove that P G (s) is irreducible for other simple groups. However the analysis of the projective special linear groups PSL(2, p) provides examples of simple groups whose associated Dirichlet polynomial is reducible. More precisely P PSL(2,p) (s) is reducible if and only if p is a Mersenne prime such that p = 2 t − 1 and t = 3 mod 4.
Although P PSL(2,p) (s) is reducible for some choices of p, we prove that if a finite group G satisfies P G (s) = P PSL(2,p) (s), then G/ Frat G is a finite simple group. We conjecture that this is true in general: If S is a finite simple group and P G (s) = P S (s) then G/ Frat G is simple.
Preliminary results

Definition 1. A Dirichlet series is a series of the form
where {a n } n∈N is an arbitrary sequence of complex numbers.
Let R be the ring of Dirichlet polynomials with integer coefficients, i.e.,
a n n s a n ∈ Z for all n ≥ 1, {n : a n = 0} < ∞ .
Let Π be the set of all prime numbers; we associate an indeterminate x p with any p ∈ Π. Let X Π be the set of all these indeterminates. Since R is generated as a ring by {1/p s } p∈Π , we may consider the following ring isomorphism between R and Z[X Π ]:
Given a set π of prime numbers, let R π be the subring of R defined as follows:
Let f (s) ∈ R; define π f = {p ∈ Π | there exists n such that a n = 0 and p divides n}.
In particular R also is a factorial domain.
Note that for any prime number p we may define a ring endomorphism of R as follows:
We can now translate well-known facts about polynomial rings as results on Dirichlet polynomials.
Lemma 2. Let f (s) =
∞ n=1 a n /n s ∈ R. Assume p to be a prime number such that p 2 does not divide m whenever a m = 0 and there exists n divisible by p with a n = 0. Then f (s) is reducible in R if and only if gcd(α p (f (s)), f(s)) = 1.
Proof. Our lemma may be restated as follows: 
where F is the field of fractions of D. Let us recall (see [8] , Chap. VI, Theorem 9.1) that given a field K, if x m − a is reducible in K[x] then either a ∈ K p , being p a suitable prime divisor of m, or −4a ∈ K 4 and 2 divides m. In our case, since −4nf / ∈ F 4 , there exists z ∈ F and a prime number p dividing k r such that nf = z p . As nf ∈ D and D is factorial then z lies in D; moreover, since gcd(n, f ) = 1 we get that n = z p /f is a p-th power in Z.
How to factorize P G (s)
Let G be a finite group. Define a Dirichlet polynomial P G (s) as follows:
n s with a n (G) :=
|G:H|=n
We find it useful to stress some straightforward consequences of this definition:
Remark 4. a n (G) = 0 implies that n divides |G|.
Remark 5. If µ G (H) = 0 then
H is the intersection of some maximal subgroups of G (see [5] ) and it contains the Frattini subgroup Frat G. This implies a n (G) = a n (G/ Frat G) for all n ∈ N, in particular
In the previous section we noticed that R is a factorial domain. An important role in the factorization of P G (s) is played by the normal subgroups of G. In fact given a normal subgroup N of G we define a Dirichlet polynomial P G,N (s) as follows:
Notice that P G (s) = P G,G (s). Moreover, N admits a proper supplement in G if and only if N is not contained in the Frattini subgroup of G; this implies:
There exists a minimal integer n > 1 for which H n = ∅; the minimality of n implies that any H ∈ H n is a maximal subgroup of G and µ G (H) = −1. Therefore a n (G, N ) = −|H n | = 0.
Proof. Suppose that N is a proper normal subgroup of G. We have that P G/N (s) = 1; moreover, by (3.1)
If t is a positive integer then, as it was noticed in [5] by Hall, P G (t) is the probability that t randomly chosen elements of G generate G. More in general, if N G and the factor G/N can be generated by t elements, then P G,N (t) is the probability that t elements generate G given that they generate G modulo N. This statement has the following consequence, that will be used in the sequel:
Lemma 8. Let t be a positive integer such that G can be generated by t elements. Then for any normal subgroup
N of G such that Frat G < N < G, we obtain 0 < P G/N (t), P G,N (t) < 1 and 0 < P G (t) < min{P G/N (t), P G,N (t)}.
The alternating groups Alt(p)
We shall show that for any prime number p ≥ 5 the Dirichlet polynomial associated with Alt(p) is irreducible in R. In order to obtain this result we need some technical lemmas. 
In both cases |∆ 1 | = 1 and |∆ 1 | = 2 we get that |N :
against our hypothesis.
Thus there exist α 1 , α 2 ∈ Ω with
Note that the lattice of all subgroups K such that H ≤ K ≤ G, is the following: Proof. Let us recall that using the classification of finite simple groups it is possible to obtain a complete list of transitive groups of prime degree, (see [4] as a reference). If H is a proper subgroup of G = Alt(p) with order divisible by p, then it is transitive, furthermore either H ≤ N G (σ) for a suitable cycle σ of length p or soc H is a nonabelian simple group and in the latter case |G : H| < (p − 2)!. Therefore if |G : H| = (p − 2)! then H is the normalizer of a Sylow p-subgroup P = σ of G. In particular all the subgroups of index (p − 2)! are conjugated to X = N G (P ) and
Therefore in order to show that a (p−2)! (G) = 0 it suffices to prove that µ G (X) = 0. If p = 7, 11, 17, 23, then X is a maximal subgroup of G ( [10] , Corollary 3) and µ G (X) = −1. If p = 7, 11, 17, 23, then X is the intersection of precisely two maximal subgroups of G (isomorphic to PSL(3, 2), M 11 , PΓL(2, 16) and M 23 respectively) and µ G (X) = 1.
Lemma 11. Let p ≥ 5 be a prime number, then α p (P Alt(p) (s)) = 1 and it is irreducible in R.
Proof. Set G = Alt(p) and n bn n s = α p (P G (s)). By Lemma 10, b (p−2)! = a (p−2)! (G) = 0, hence α p (P G (s)) = 1. By a Theorem of Bertrand-Chebychev (see [6] , Theorem 418) there exists a prime number ξ such that In all these cases trivial computations show that ξ does not divide |H|, hence r = |G : H| is divisible by ξ. This implies that α ξ (α p (P G (s))) = 1; moreover, as ξ > p/2 we get that ξ 2 does not divide p! thus it does not divide r whenever b r = 0. By Lemma 2 we conclude that α p (P G (s)) is irreducible. Now we are ready to prove the main result of this section.
Theorem 12. Let p ≥ 5 be a prime, then the Dirichlet polynomial P Alt(p) (s) is irreducible in R.
Proof. Set G = Alt(p). Assume, by contradiction, that P G (s) is reducible in R. By Lemma 2 we get that gcd(α p (P G (s)), P G (s)) = 1. Since, by Lemma 11, Since by Lemma 10 we get
This implies p! ≤ mk ≤ |G| = p!/2, a contradiction.
Corollary 13. Let p ≥ 5 be a prime number and let f (s) = P Alt(p) (s).
Assume that G is a finite group with
Proof. By Theorem 12, P G (s) = f (s) is irreducible, hence by Corollary 7, G/ Frat G is a simple group. Moreover the subgroups of index p in Alt(p) are precisely the point-stabilizers and they are maximal in Alt(p); hence 0 = a p (Alt(p)) = a p (G) and this implies that G contains a maximal subgroup H of index p. Since G/ Frat G is simple, we get that Core G (H) = Frat G and G/ Frat G is isomorphic to a transitive subgroup Γ of Alt(p). Moreover, by Lemma 10,
Actually, we are able to prove the irreducibility of the Dirichlet polynomials associated with other simple groups. In the following table we resume the list of these simple groups together with the primes that allow us to use Lemma 2 in order to prove the irreducibility of the associated Dirichlet polynomial.
G Alt(6) Alt (8) Alt (9) Alt (10) 
Hence we have a large list of simple groups such that the associated Dirichlet polynomial is irreducible and one may be inclined to think that this property is shared by all finite simple groups. Actually this fails to be true and in the next section we shall show that the Dirichlet polynomial of a projective linear group PSL(2, p) is not always irreducible.
The projective linear groups PSL(2, p)
Let p ≥ 5 be a prime number, in this section we shall describe when the Dirichlet polynomial P PSL(2,p) (s) is reducible in R. Let us recall that the subgroups of PSL(2, p) are known for any prime p (see [7] as a reference). Moreover, in [5] P. Hall describes the Möbius function of the lattice of subgroups of PSL(2, p), furthermore he shows that µ PSL(2,p) depends only on the congruence properties of the prime number p modulo 5 and 8 with three exceptions, i.e., p ∈ {5, 7, 11}. We will use also [3] as a more recent reference on this subject.
Let us recall that a prime number p is a Mersenne prime if there exists a prime number t such that p = 2 t − 1.
Proposition 14. Let p ≥ 5 be a prime number which is not a Mersenne prime, then P PSL(2,p) (s) is irreducible in R.
Proof. Let p be a prime number and G = PSL (2, p) . If p = 5, then PSL(2, 5) ∼ = Alt(5) and the conclusion follows from Theorem 12. So we may assume p > 5. We find it useful to stress that a p(p+1) 
Now we shall discuss the reducibility of P PSL(2,p) (s) when p is a Mersenne prime, p = 2 t − 1 being t a prime number. It is easy to show that either t = 1 mod 4 and p = 1 mod 5 or t = 3 mod 4 and p = 2 mod 5. Proof. By using [3] we are able to write down the Dirichlet polynomial associated with PSL(2, p) for any Mersenne prime p. hence it is reducible in R.
If p = 7, then we get 
